Kinematic equations for the motion of slowly propagating, weakly curved fronts in bistable media are derived. The equations generalize earlier derivations where algebraic relations between the normal front velocity and its curvature are assumed. Such relations do not capture the dynamics near nonequilibrium Ising-Bloch (NIB) bifurcations, where transitions between counterpropagating Bloch fronts may spontaneously occur. The kinematic equations consist of coupled integro-di erential equations for the front curvature and the front velocity, the order parameter associated with the NIB bifurcation. They capture the NIB bifurcation, the instabilities of Ising and Bloch fronts to transverse perturbations, the core structure of a spiral wave, and the dynamic process of spiral wave nucleation.
Introduction
Interfaces separating di erent equilibrium or nonequilibrium states appear in a variety of contexts including crystal growth, domain walls in magnetic and hydrodynamic systems, and reaction-di usion fronts 1]. The global patterns that appear in these systems depend to a large extent on the possible occurrence of interfacial instabilities. A transverse instability of the interface, for example, may lead to ngering and the formation of labyrinthine patterns 2{8]. Another instability with dramatic e ects on pattern formation is the nonequilibrium Ising-Bloch (NIB) bifurcation 9{13]. The bifurcation, which takes a single stable (Ising) front to a pair of counterpropagating stable (Bloch) fronts, has been found in chemical reactions 14{16] and in liquid crystals 17{19]. Far below the NIB bifurcation stationary patterns or uniform states prevail. Far beyond it, a regime of ordered traveling patterns, including spiral waves, exists. In the vicinity of the bifurcation disordered spatio-temporal patterns, involving repeated events of spiral-wave nucleation appear. This behavior, which we call \spiral turbulence", has been attributed to spontaneous transitions between counterpropagating Bloch fronts induced by curvature variations, front interactions, and interactions with boundaries 6, 20] .
A common theoretical approach to studying pattern formation in interfacial systems is based on a geometric equation for the interface curvature (see Eqn. (2) below) 21{25]. Once the dependence of the normal velocity of the interface on its curvature is known the shape of the interface can be determined at any given time. For reaction-di usion fronts this dependence may become particularly simple: Away from a NIB bifurcation, a linear relation is an excellent approximation 24, 26, 27] . The curvature equation, however, does not capture possible transitions between counterpropagating fronts near a NIB bifurcation because the front velocity becomes an independent slow degree of freedom and can no longer algebraically be related to curvature 20, 28, 29] .
In this paper we consider bistable media that exhibit NIB bifurcations and derive kinematic front equations which generalize the geometric curvature equation. The new kinematic equations capture transitions between counterpropagating fronts, and spontaneous spiral-wave nucleation, a process which plays a crucial role in the onset of spiral turbulence. The equa- C n = C 0 ? D : (3) In these equations s is the front arclength, and the critical parameter value, c designates the NIB bifurcation point. Note that Eqn. (3) cannot be regarded as a linear relation between the normal velocity of the front and its curvature since C 0 is not a constant but a dynamical variable coupled to curvature through Eqn. (1) . In fact, Eqns. (1) and (3) can be recast into a single integro-di erential equation for the normal velocity (using Eqn. (2) 
which replaces the algebraic C n ? relation used in earlier derivations. An algebraic C n ?
relation can be recovered from Eqns. (1) and (3) assuming the order parameter C 0 follows adiabatically slow curvature variations. This issue is further discussed at the end of Section 3.
The order parameter equation (1) yields the NIB bifurcation for planar (uncurved) fronts.
For a symmetric bistable system ( 0 = 0), the Ising front, C 0 = 0, is stable for > c . At = c the Ising front becomes unstable and a pair of Bloch fronts appears, C 0 = C 0 q ( c ? )= . For a nonsymmetric system ( 0 6 = 0) this pitchfork bifurcation unfolds into a saddle node bifurcation in the usual way.
A brief account of the results to be reported here has appeared in Ref. 30 ]. We present in Section 3 a detailed derivation of the kinematic equations for a particular reaction-di usion model introduced in Section 2. In Section 4 we study the kinematic equations. We analyze the stability of planar fronts to transverse perturbations and present numerical solutions describing steadily rotating spiral waves and spiral-wave nucleation induced by a transverse instability. We conclude in Section 5 with a discussion of our results. 
Deriving the kinematic equations
The derivation of the kinematic equations is described here in three steps: A transformation to a frame moving with the curved front (Section 3.1), derivation of the normal velocity equation (3) using a singular perturbation approach (Section 3.2), and derivation of the order parameter equation (1) (Section 3.3) . In deriving the equations we assume that = = 1 and that curvature is small, 1. Additional assumptions needed in deriving the order parameter equation are described in Section 3.3.
The moving frame
We transform to an orthogonal coordinate system (r; s) that moves with the front, where r is a coordinate normal to the front and s is the arclength. We denote the position vector of the front by X(s; t) = (X; Y ), and let it coincide with the u = 0 contour line. The unit vectors tangent and normal to the front are given bŷ s = cos x + sin ŷ ;r = ? sin x + cos ŷ ; where (s; t) is the angle thatŝ makes with the x axis. A point x = (x; y) in the laboratory frame can be expressed as x = X(s; t) + rr :
This gives the following relation between the laboratory coordinates (x; y) and the coordinates (s; r) in the moving frame: x = X(s; t) ? r @Y @s ; y = Y (s; t) + r @X @s ; (6) where we used the fact thatŝ = @X=@s. C n ds 0 ; (9) @r @t = ?C n : (10) Using (7) (12) where D and r 2 are given by (8) and (11), respectively, and we recall that = = and = p .
The normal velocity equation
We study Eqns. (12) 
The order parameter equation
Away from the narrow front region u and v change on the same spatial scales. Letting ! 0 in Eqs. (12) and the square brackets denote jumps of the quantities inside the brackets across the front at r = 0.
We con ne ourselves to nearly symmetric systems (ja 0 j 1) and to a parameter regime that includes the immediate vicinity of P3 and extends into the Ising regime near or below the transverse instability boundary = I ( ). This allows solving the free boundary problem (17) by expanding propagating curved front solutions as power series in c around the stationary planar Ising front 28, 33] , where c 1 is the speed of a planar Bloch front solution. We assume weak dependence of and v on s and achieve this by introducing the slow length scale S = cs and assuming X = X(S; t). This assumption dictates = c ; n = 1; 2; 3; : : : (19) where ( 
In ( (25) We are interested in solutions of Eqns (19) at long times where they become independent of the fast time scale t: @v (n) =@t ! 0 as t ! 1. For n = 1, the stationary solution of (19) (26) For n = 3, the stationary solution of (19) with (25) @S ; (29) where v (1) is evaluated at r = 0. Using the expansion (18), the integral (9), and transforming back to the fast variables s; t, Eqn. (30) where v f (s; t) = v(0; s; t). Equation (30) coincides with the order parameter equation (1) once we make the following identi cations: C 0 = ? Fig. 2b) . Thus the adiabatic elimination of C 0 away from the bifurcation reproduces the algebraic C n ? relations to a very good approximation.
Numerical solutions of the kinematic equations
We study two types of solutions to the kinematic equations: steadily rotating spiral waves (Section 4.1), and the nucleation of a spiral-wave pair by a transverse instability (Section 4.2). relations. Fig. 4a shows a similar front solution but for an asymmetric system, a 0 6 = 0 or 0 6 = 0. Fig. 4b shows the corresponding spiral wave. The spiral tip, de ned as the point of zero curvature, is no longer stationary, but rotates along a circle. A word of caution is needed here, however. The kinematic equations do not take into account interactions between front segments. Including such interactions would require changing the asymptotic conditions, v( 1; s; t) = v in Eqns. (17) . As a result, away from the tip (outside the frame in Fig. 4b ), the trailing front of the spiral meets the leading front and the up state domain disappears.
Spiral nucleation induced by a transverse instability
Earlier numerical solutions of the FitzHugh-Nagumo model (5) revealed that an instability of a planar front solution to transverse perturbations near a NIB bifurcation can induce spontaneous nucleation of spiral waves followed by domain splitting 31]. The kinematic equations (1)- (3) To test whether spiral wave nucleation induced by a transverse instability is captured by the kinematic equations, we numerically computed the time evolution of a planar front near the NIB bifurcation and beyond the transverse instability boundary. Figs. 6a-d show four snapshots of this time evolution. The initial front pertains to an up state invading a down state (C 0 > 0). The transverse instability causes a small dent on the front to grow (Fig. 6b) .
The negative curvature then triggers the nucleation of a region along the arclength where the propagation direction is reversed (C 0 < 0) (Fig. 6c) . The pair of fronts in the kinematic equations that bound this region correspond to a pair of counter-rotating spiral waves in the FitzHugh-Nagumo equations (Fig. 6d) . Fig. 6d demonstrates the equivalence of spiral pair nucleation in the bistable medium to \droplet" nucleation in the kinematic equations.
The C n ? relation for the parameter values of Figs. 6 is shown in Fig. 2a . Although the relation does not capture the nucleation dynamics it does provide a heuristic explanation of the nucleation process: the negative curvature that develops at the dent grows beyond the termination point of the upper branch in Fig. 2a and a transition to the lower branch takes place. This results in the reversal of propagation direction and the nucleation of a spiralwave pair. The positive slopes of the upper and lower branches at = 0 indicate transverse instabilities of the two planar Bloch front solutions.
The proximity to the front bifurcation is essential for spontaneous spiral-wave nucleation.
Farther from the bifurcation initial dents may grow due to the transverse instability but not nucleate spiral waves. This is demonstrated in Figs. 7 where the same initial conditions as in Fig. 6a are chosen. The initial almost planar front develops a dent but the dent retracts rather than nucleate a spiral-wave pair. 
Conclusion
We have developed a new set of kinematic equations for front dynamics in nearly symmetric bistable media. The equations are quantitatively valid for slowly propagating, weakly curved fronts. They describe the growth of transverse perturbations, the core structure of spiral waves, and the dynamics of spiral-wave nucleation. Away from the NIB bifurcation, where the front velocity is no longer a slow degree of freedom, the algebraic C n -relation is recovered.
The process of spiral-wave nucleation involves local transitions between the counterpropagating Bloch fronts. In the present work these transitions were driven by curvature perturbations. Front transitions and spiral nucleation can also be driven by other intrinsic perturbations, such as nonlocal front interactions or interactions with boundaries 16]. Such interactions, however, have not been included in the present derivation. They are excluded by the choice of the boundary conditions in Eqns. (17) . Front interactions are not important for the study of symmetric spirals (Figs. 3) or the initial nucleation of a spiral-wave pair from a planar front (Figs. 6) . They do, however, a ect nonsymmetric spiral-waves (a 0 6 = 0) and might play an important role in the meander instability of a spiral tip 41{43]. Front interactions are also essential for the formation of labyrinthine patterns in the Ising regime 7].
The kinematic equations generalize an earlier approach based on a geometric equation for curvature supplemented by a linear normal velocity -curvature relation 22{25]. In that case the speed of a planar front is taken to be a constant, determined by the parameters of the system, and no distinction is made between the two types of Bloch fronts. This approach has been applied to traveling waves in excitable media modeling a pulse stripe as a single curve 44{46]. It has also been applied to spiral-wave dynamics with phenomenological assumptions to describe the motion of the spiral tip, the free end of the curve 22{25,34]. No phenomenological assumptions are needed in applying the generalized kinematic equations as they naturally describe the core (or tip) structure of a spiral-wave.
Finally, we note that the two-dimensional spiral-wave nucleation problem in the original bistable medium is reduced to a one-dimensional \droplet" nucleation problem in the kinematic equations 47, 48] . This may simplify the evaluation of the critical curvature perturbation required to nucleate spiral waves.
